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1 Context

b(0,0,1)

Large system of spinless, non relativistic fermions in R2 %
e Homogeneous transverse magnetic field
o External potential V : R? — R

e Radial interaction potential w : RZ — R

Motivation: Quantum Hall effect

h Xy
b

h: reduced Planck’s constant

Magpnetic length: [, ==

Semi-classical /high magnetic field limit: /[, — 0 /
Free ground state density on RZ: ’

Goal: Effective dynamics
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2 Model

Magpnetic Laplacian
Unit system where m = %,c =1,q=1,

. 1
Ly = (—ihV — bA)® = > 2hb (n+ 5) M,

neN

Vector potential in symmetric gauge:
1

X
A= - = V AA=(01,02,03) A (A1,A2,0) = (0,0,1)

where X = (x1, x2) is the position operator.

Fermionic Density Matrix (FDM): ~ € £ (L2 (R?)) such that Tr(y) = 1,0

2 R+

Physical density: p : i — y(xx)
Hartree equation:
i0ey = [Zo + V + w x py, 7]
b
Time scale: lb_2 = -
h

Scaling: I, >0, hb=0(1), N=0O (/;2)
Drift equation: Given a density p : R+ x R? — R4,
0ep(t,2) + VH(V 4+ w x p(1))(2) - Vzp(t,2) = 0

projection on the nth Landau level

=

)

(H)
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3 Main result

(s, v): set of couplings between probabilities p, v € P (RZ), 1-Wasserstein metric:

Wi(uov) =  inf J Ix — y| dr(x, y) 3)

mel (p,v)
] R2 xR2

—I Theorem: Convergence of densities ]

2

Then, Vt € Ry, Ve € WL (R2) A H2 (R?),

R2

Let v be the solution of (H) given v(0) a FDM such that for some p > 7,
1
Tr ('y(O) (.i”b +V+-w *pw(0)>) <C, Tr(v(0)|X|P) < C (4)

Let p solve (D). Assume V,w e W4 (R?) and Vw € L! (R?) ,w € H? (R?).

fw (Py(ey — P()| < (1) (Iellwre + Vel 2) <W1 (), P(0)) + /Eﬁn(z‘g’q”)) (5)

—| Recap}

i20ey = [Ly + V + wx py, 7] (H)

FDM: v € ct (L2 (Rz)) ,Tr(v) =1,0< v < %, Py (x) = v(x, x)

Scaling: I, — 0, fib=0O(1), N=0O (/;2)

2ep(t,2) + V5 (V + w* p(1))(2) - Vzp(t, z) = 0 (D)

Challenges to overcome:
o Semi-classical phase space: RZ x N
e Controlling fast cyclotron motion

e Larger time scale
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5 Classical mechanics

Newton's second law with constant homogeneous force field F:

" _ L _1ZL(0)] (cos(bt) Ft
7' =F+ b2 = Z() === (G ) + ot
Cyclotron: Z Drift: Z; = ZQ:

L

b

where we imposed Z(0) = @ (1,0), Z'(0) =Z.(0)|(0,1) + %

«— Drift time scale: b

Classical trajectories for different b Level sets of V + w % p

(6)
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Thanks for your attention
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6 Quantization

Operators: Position Annihilation Creation
Cyclotron ri= Qﬁ%b ac= 2 i al =2 +in

y b VT <7 P,

R — iR Ri + iR
Drift Ri=X—r | agm= 22 | pf_ftie

V21, V21,

— Proposition: Magnetic Laplacian diagonalization
[ac,az] = [ad,az] =1d, [ac, aq] = [ac,az] = [ai,ad] = [az,az] =0, and
n m
()" (=) . L
= it = — b 7
©n,m T po0 Wi ©0,0(x) e (]

is a Hilbert basis of L2 (Rz) of eigenvectors of .%},. Moreover

My = 2 |‘Pn,m>

meN

1
(enml|, Lo =2hb <aiac + 5)

(8)
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Coherent state

then

Let z:= z; + iz € C, and z = (z1, z) € R?,

iagfzad \z\z

= m
. V2], a2 E 1 < z )
z =€ b @ 0=e b ®n,
$Pn,z n et / ] \/72Ib n,m

_ x—z[2—2izt x

(x) i ( X-z ) n 7
X)=——|—] e

oz V2mnlly \ V2l

ﬁC;on,z = i@n,z

Phase space projector:

satisfies

Mnz = lonz) (pnzl, Nzi= )] lonz) (onl

neN

_x=yPo2i(x byt (=)

1

— 1 4/12]
27rlb

fﬂn,zdz =M, NAx,y)= 22 €
b

R2

so Vi, (x,y) = l%(x — y)Nz(x,y). In operator form
b

1
VN, = — [N, X]
’/b

9

(10)

(11)

(12)

(13)
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7 Semi-classical limit

Let v be a density matrix,

. 1
Phase space density m.(n,z) = ﬁ {pn,z|ven,z)
Semi-classical density p5(z) = Tr (vNz)
M
Truncated semi-classical densnty SC’SM Z
sc, <M

— Proposition: Convergence of p?,

Let v be a FDM, then Yy € L® n H! (Rz),

<MY < C(p) (M2 + VM) Tr (1.4 14
[ o (o = p5=)| < o D/ Tr (0:25) (14)
R2 Characteristic length inside NLL
©r
1
We need 1 « M « k higher Landau levels are controlled with the conserved kinetic energy
b
Tr(v%) = 2hb ) (n+ ) me(n z)dz (15)

neN
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— Proposition: Gyrokinetic equation for the truncated semi-classical density

Let t € Ry,v(t) be a FDM, W € W4®(R2) and assume

iory(t) = [+ W,y(1)], Tr(v()Z) < C (16)

1
then there exists a choice of 1 « M « 7 such that Yy € L1~ wbho (RZ),
b

sc, <M 1 sc, <M
JS"@“’M VWL Vepsst) o 0 (17)

R2

&

sc, <M
Convergence p-” — p:

e Dobrushin-type stability estimate for the limiting equation

e Use confinement for initial data
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8 Central computation

We recall the dynamics and (*)

. 1
Ilgat’y =Tr (gb + W,’Y) 5 VZLI_IZ = F [I_IZX]
b

Evolution part

11 1
Orp> T n,o M, [% + W, ——Tr(y [Ny, % + W
0% (2) = r(Nz0ey) = i i Tr (N [Z + W,7]) = 2inl} r(v[ b+ W])
= Tr (y [Nz, W
2inlt r(v [Nz, W)
Spacial part
1 1
ViW(z) Vp(z) = — VW(z2) - Tr(4VEiN,) = ———VW(2) - Tr(y [Nz, X
W(z)- Vo¥(2) @) 5T (192 M) = 5 YW@ - Tr (1 [ X))
1
=— —Tr(v[N;, VW(2) - X])
2imly
SO
1
0epS(2) + VEW(2) - Vo (2) = eyl (v [Nz, W = VW(z) - X])
b
where

Mz, W = VW(z) - X] (x,y) = Nz(x,y) (W(y) = W(x) = VW(2) - (y = X))

(18)

(19)

(20)

(21)
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